Torque and switching in the bacterial flagellar motor
An electrostatic model
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ABSTRACT A model is presented for the rotary motor that drives bacterial flagelia, using the electrochemical gradient of protons across
the cytoplasmic membrane. The model unifies several concepts present in previous models. Torque is generated by proton-conducting
particles around the perimeter of the rotor at the base of the flagellum. Protons in channels formed by these particles interact electrostati-
cally with tited lines of charges on the rotor, providing *loose coupling” between proton flux and rotation of the flagellum. Computer
simulations of the model correctly predict the experimentally observed dynamic properties of the motor. Unlike previous models, the
motor presented here may rotate either way for a given direction of the protonmotive force. The direction of rotation only depends on the
level of occupancy of the proton channels. This suggests a novel and simple mechanism for the switching between clockwise and
counterclockwise rotation that is the basis of bacterial chemotaxis.

1. INTRODUCTION

The bacterial flagellar motor is the device that couples
transmembrane flux of ions to rotation of helical flagella
in bacterial cell envelopes, providing a means of propul-
sion for the bacteria. The ion involved is usually H* but
also can be Na™* in alkalophilic bacteria that live in envi-
ronments with very low H* concentrations (1, 2). The
driving force for rotation is generated at the basal body
that is embedded in the cell envelope and transmitted to
the flagellum via the flexible “hook.” Gram-positive bac-
teria have two discs, the M- and S-rings, which are co-
planar with the inner plasma membrane and are both
composed of the same protein (3). These discs form part
of the rotor and are involved in the process of torque
generation, either directly or as a mounting for active
components of the motor. Gram-negative bacteria have
a further two discs, the L- and P-rings, which act as bear-
ings through the outer membrane and are not believed to
play any role in force generation. The discs are ~300 A
in diameter and 50 A thick, as inferred from image re-
construction of electron micrographs (4).

Complicated systems of chemotaxis allow bacteria to
detect changes in their environment and seek out favor-
able growth conditions. Different bacteria achieve this in
different ways, but in all cases stopping or reversal of the
flagellar motor is involved (5). Switches between clock-
wise (CW) and counterclockwise (CCW) rotation in
wild-type cells occur without changes in the direction of
the transmembrane protonmotive force (pmf), indicat-
ing two separate modes of operation for the flagellar mo-
tor. Force generation is thought to occur at independent
units embedded in the cytoplasmic membrane periph-
eral to the rotor and consisting of the proteins MotA and
MotB. Freeze-fracture electron micrographs of bacterial
cell envelopes show particle rings surrounding holes of
~300 A. These rings consist of 10-12 particles in Strep-
tococcus or 14-16 particles in Escherichia coli and are
absent in certain nonmotile mutants. Simultaneous in-
troduction of MotA and MotB leads to recovery of both
motility and the ring structures (6). Furthermore, addi-
tion of both Mot proteins restores motor torque in dis-

crete steps, providing evidence for eight independent
force generators (7). Each generator is capable of rotat-
ing either CW or CCW with approximately equal torque
in both directions. There is evidence that MotA is the
proton-conducting component of the flagellar motor
(8), whereas MotB is believed to anchor the force genera-
tors to the cell wall (7).

For motors driven by influx of protons, as in metabo-
lizing bacteria, there are in fact three modes. In addition
to CW and CCW rotation, there is a “pausing” state
where the motor does not rotate (9). In enteric bacteria
such as F. coli, the CCW rotating state is thought to be
the “natural” state, in that mutants with chemotaxis
genes cheA-cheZ deleted have CCW-only motors. The
trigger for pausing and CW rotation appears to be the
phosphorylated CheY protein (10, 11), which receives
its phosphate group from the phosphokinase protein
CheA under the control of the chemotaxis system (12).

1.1. Parameters of motor function '

Of particular interest to the biophysicist are the dynamic
properties of the motor-torque generation and energy
transduction. Various experiments have measured mo-
tor torque and proton flux under various conditions. In
“tethered cell” preparations, bacteria have their flagella
bound to the microscope slide by antibodies, and the
torque of the motor causes the whole cell body to rotate
slowly (typically at <10 Hz). The motors of free-swim-
ming cells, on the other hand, rotate at up to 300 Hz and
are found to operate at lower torque than those in teth-
ered cells. In both cases inertial forces are negligible com-
pared with viscous drag (due to the small size of bacte-
ria), and the rotation rate of the motor is proportional to
the motor torque. A brief summary of the dynamic prop-
erties discovered to date is given below.

(a) The stall torque of the motor is approximately
equal to the torque under the high-load conditions of
tethered cells (13). This torque is proportional to pro-
tonmotive force, whether as a transmembrane voltage
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FIGURE 1 The rotor and torque-generating stator particles are flush

with the inner membrane. The stator units are anchored to the cell wall
by motB proteins (not shown ) and contain H* channels. The rotor has
alternating lines of positive and negative charges close to its perimeter.
Torque is generated by electrostatic forces between these charges and
protons passing through the channels. As a positively charged proton
moves into the cell, it attracts negative charges on the rotor. Because
the lines of charges are tilted with respect to the channels, this attraction
causes the rotor to rotate CCW and generate CCW torque.

(V) or a pH gradient (ApH) (14). A typical value of
stall torque would be ~700 kT or 25 X 107!2 dyn
cm (15).

(b) Motor torque falls approximately linearly with in-
creasing rotation rate (15).

(¢) The rotation-dependent flux of protons corre-
sponds to ~ 1,000 protons per revolution of the motor
(to within a factor of two) (16). This is the change in flux
on stopping the rotation of flagella and does not measure
any flux through stalled motors. Motor efficiency calcu-
lated from this flux is near 100% at low rotation rates,
falling to ~5% under swimming conditions.

(d) Energized motors run smoothly ( 17) and respond
quickly (response times of a few of milliseconds) to
changes in pmf (18-20).

(e) Both tethered rotation rates and swimming speeds
fall to zero at high and low values of pH (14). This oc-
curs in CW-only Streptococcus mutants, indicating that
it is an intrinsic feature of the force-generating system.
The CW/CCW balance of nonmutant bacteria is also
dependent on pH (21) and pmf (22).

2. A MODEL FOR THE FORCE GENERATOR
OF THE FLAGELLAR MOTOR

Fig. 1 shows a simple model for the force-generating unit
at the base of bacterial flagella. The rotor is connected to
the flagellum via the rod and is free to rotate in the plane
of the cytoplasmic membrane. Positive and negative
charges are arranged around the perimeter of the ring
such that they provide lines of alternating high and low
electrical potential. These lines are oblique to the plane
of the membrane as shown in the figure. The proton-

conducting stator elements correspond to the particle
rings seen in freeze-fracture electron micrographs (6)
and are formed at least in part by the MotA protein.

The essential feature of the model is that the lines of
charges on the rotor are tilted with respect to the proton
channels in the stator elements. Protons flowing into the
cell through the channel will exert a long-range electro-
static force on the charges on the rotor. As a proton
moves through the channel, this force will tend to rotate
the rotor CCW (as seen from outside the cell ), keeping a
line of negative charge adjacent to the positively charged
proton. It may be useful to draw an analogy with a hydro-
electric turbine: the water representing the protons and
the turbine blades representing the charged lines on the
rotor. Water flowing through the turbine exerts torque
on the blades but need not necessarily cause the turbine
to rotate if the resistance to rotation is high.

Fig. 2 shows electrostatic energies for the model motor
in the two-dimensional space defined by the position of
an ion in a channel (Z) and the rotation angle (x). Be-
cause of the tilt of the charged lines on the rotor, there are
oblique valleys of low energy at positions where the pro-
ton in a channel is adjacent to a line of negative charges
on the rotor. Proton influx is coupled to positive rotation
as the system will tend to follow the valleys of low en-
ergy. Continuous, smooth passage of protons through
the channels will cause continuous, smooth rotation of
the rotor. This is similar to the model of Lauger (23),
where protons flowing into the cell must always be at the
intersection of two ‘“half-channels” provided by the ro-
tor and stator. In this model, however, protons are not
artificially constrained by a tight-coupling condition as
in Lauger’s model but kept close to negative lines on the
rotor by energetic considerations.

2.1. Computer simulation

For the sake of simplicity, the proton channel is initially
represented by a chain of two discrete proton-accepting
sites, one third and two thirds of the electrical distance
across the channel. This simplification allows analytical
solutions of the model in the limit of slow rotation rates
and is useful to illustrate as clearly as possible the basic
principles of the model, especially the proposed new
switching mechanism. It does, in fact, also introduce an
artificial constraint on the model, which is discussed
along with its consequences in section 3.5.

Fig. 3, a and b shows the motor viewed in the plane of
the membrane and from outside the cell. Each line on
the rotor consists of two charges. There are n, repeating
units around the rotor so that each covers an angle ¢ =
27 /n,. In Fig. 3, n, = 8. The tilt of the charge lines is
expressed in terms of the pitch, «, such that the angle
between the first and last charges in a line is given by «a¢.
It is useful to introduce the variable x = 7,8, where 8 is the
rotation angle of the rotor. One cycle of x = 0 = 2 then
covers one repeating unit, ¢, around the perimeter.

The kinetic diagram for a proton channel is shown in
Fig. 3 ¢. State 1, or OO, is the empty channel. States 2
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FIGURE 2 Electrostatic energies for the model motor in the two-dimensional space defined by the position of an ion in a channel (Z) and the
rotation angle (x). Because of the tilt of the charged lines on the rotor, there are oblique valleys of low energy at positions where the proton in a
channel is adjacent to a line of negative charges on the rotor. Proton influx is coupled to positive rotation because the system will tend to follow the
valleys of low energy. These energies were calculated using the method of image charges for a membrane of thickness 50 A and dielectric constant
2.5 in an aqueous medium of dielectric constant 80. The calculation uses six equally spaced univalent charges in each line on the rotor and a radial
separation between these lines, and the channels of 10-A contour levels are +4 kT and —4 kT.

(HO) and 4 (OH) are protonated at the external and
internal sites, respectively. State 3, or HH, is the channel
with both sites protonated. Protonated sites are posi-
tively charged, and empty sites are neutral. The energies
of states 2—4 relative to the empty channel (state 1) are
taken to be sinusoidal functions of rotation angle given
by

U,=—Acos(x)+ U,
Uy=—-Acos(x—a)+ U,
Uy, =U,+ U, + US. (1)

A is the amplitude of the oscillations, « is the pitch of the
lines of charge on the rotor, and US is the repulsion en-
ergy between the sites when both are protonated. Simple
electrostatic energy calculations using the method of
image charges (24) give energy functions U;, which are
indeed very nearly sinusoidal, and indicate that the val-

ues of amplitude (A4) and repulsion (US) used in this
work correspond to plausible arrangements of charges in
the motor (Berry, R. M., unpublished results). U, is the
energy associated with the pK of the sites, given by

U, = In (10777°%) (2)

such that U, is defined as 0 at pK = 7.

The energies above are in fact the energies of the mo-
tor with protons at fixed positions one third and two
thirds of the way across a channel, corresponding to dis-
crete values of z in Fig. 2. Transitions between the states
correspond to diffusion of protons through the smooth
energy profile of the channel, U(z), at any given rotation
angle (x). Rate constants for such processes are in gen-
eral complicated functions of the channel energy profile,
and their detailed calculation is not trivial. One thing
that is required, however, is that the ratio of forward and
backward rates for a given transition must be exp(dU/
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FIGURE 3 (a) The rotor and one channel protein (shaded), viewed in
the plane of the membrane. The channel here is represented as a chain
of two H* -accepting sites, and there are two charges in each line on the
rotor. The angle covered by one repeating unit on the rotor is ¢, and a¢
is the angle between the first and last charges in aline. (5) The rotor and
channel protein viewed from outside the cell. Only the outermost
charge in each line is shown, and there are n, = 8 repeating units or
pairs of lines. The rotation angle, 6, is measured between the H* chan-
nel and the outermost charge on a negative line. (¢) The kinetic dia-
gram for a two-site, double-occupancy channel. State 1 (OO) is the
empty channel, states 2 and 4 (HO, OH) are protonated at the external
and internal sites, respectively, and state 3 (HH) is the doubly occupied
channel. H} and H; represent uptake of protons from the external and
internal solutions, respectively.

kT), where d U is the energy difference between the start
and end points. This follows from statistical mechanics
and is true for any transition at temperature 7. We there-
fore calculate rate constants for transitions between
states i and j as

kij =exp((U; - Uj)/z),
ki = exp((U; — U;)/2). 3)

This ensures the correct ratio and sets a basic transition
rate of unity for all transitions between states of equal
energy. In terms of Eyring theory, this is equivalent to

assuming that all transition energy barriers are equal and
that their peaks are situated halfway between the initial
and final states.

If the motor runs smoothly at a constant rotation rate,
w, then rotation angles 6 and x are proportional to time
(the assumption of smooth running is discussed in sec-
tion 3.5). For each position x(z) we can calculate the
occupancy probabilities P,(x) for each of the states i =
1-4. When w is very small compared with all transition
rates, these probabilities can be calculated using the
method of partial diagrams (25). (We draw all possible
“partial” kinetic diagrams that link all of the states in the
original diagram [Fig. 3 c in this case] but that contain
no loops. For each state (i), we then take the sum over all
these partial diagrams (j) of terms like k;,k,,k,,, where
the k’s are rate constants for transitions leading toward
the state (i) on the partial diagram (j). This sum over
partial diagrams (Z,) gives the relative probability of the
state (i), and the state probabilities (P;) are given by the
normalized values of Z;.) Such calculations correspond
to the slow rotation rates observed in tethered cell prepa-
rations and shall be referred to as method one. When w is
larger, as in swimming cells, the probabilities are ob-
tained by numerical integration. This method (method
two) is used to investigate the dependence of motor
function on rotation rate.

Torque is generated by electrostatic forces between
protons in the channels and the charges on the rotor. The
torque from each of the states 2—4 is proportional to the
energy gradient (—~d U,/ d#) and the occupancy probabil-
ity (P;(8)) of the state. Individual torques are then given
by

dUi dUl
T= —P(6) gt = —P(x) — te . (4)

The average torques are given by integrating over one
cycle as

2%

(Ti) =Yem | Ti(x)dx, (5)

and the total torque generated by one channel as
(Ty=Z(T. (6)

The total motor torque is then {( T') - n,, where n_ is the
number of channels in the motor.

The instantaneous flux through each channel is equal
to the flux over any one barrier, for example, the central
barrier, and is given by

F(x) = Py(x)kyy — Py(X)ky,. (7)

The average flux is
2x
(Fy="or | F(x)dx, (8)
[}

and the total flux through the motor is ( F) - n,.
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This is a loose coupled mechanism (26) in that proton
flux and torque are connected only indirectly via the
thermally activated proton occupancies of the channel
sites. In tight coupled models, proton translocation is
obligatorily coupled to rotation of the rotor.

3. RESULTS
3.1. Units and signs

Torque is given in units of (kT/channel + »,), from
P,(x)dU;/dx), and fluxes are in units of (ions/channel /
time unit), where a time unit is the reciprocal of the
basic transition rate set to unity in section 2.1. Flux and
pmf are taken as positive when directed into the cell, and
torque and rotation are positive when CCW as viewed
from outside the cell. Rotation rates are in units of (cy-
cles/time unit), «w = (1/27)(dx/dt). For conversion to
(revolutions/time unit) divided by #,, the number of
repeating cycles of positive and negative charge on the
rotor.

3.2. The torque-generating cycle of
the motor

Fig. 4 shows energies, occupancy probabilities, and
torque for each of the channel states as functions of rota-
tion angle during one cycle of the motor. The empty
state OO has zero energy and generates no torque. The
energies in Fig. 4 g are calculated from Eq. 1 with 4 =
US = 8kT (a=0.25 and pK = 6.5). The state occupan-
cies in Fig. 4 b and torques in Fig. 4 ¢ are calculated by
method 1 (slow rotation) with external and internal pH
7 and a transmembrane voltage of 200 mV.

At x = 0 the external channel site is lined up with a
negative charge on the rotor. A positively charged proton
may enter from outside the cell and occupy the external
site (moving the channel to state HO) but requires an
extra 8 kT in energy to cross to the inner site (state OH).
This makes proton transit with the rotor is locked at x =
0 unlikely. If, however, the rotor rotates to x = 0.25w,
then the proton can pass to the inner site. The rotor may
then continue to x = w, whereupon the proton can pass
into the cytoplasm and return the channel to the empty
OO state. This persists until the rotor rotatesto x = 1.5,
where another proton may enter from outside the cell.
The cycle couples the influx of a single proton to a rota-
tion of x = 27 or 1/n, of a revolution of the rotor. The
probability of the doubly occupied HH state is only
0.22% at pK = 6.5 due to the high repulsion energy be-
tween protonated sites (US = 8 kT), and the channel
here is effectively single occupancy.

Torque generation may be understood as follows: pro-
tons occupying sites at angles where the energy gradient
is negative exert positive torque on the rotor and, vice
versa, the electrostatic forces tending to move the system
toward energy minima. In the absence of a pmf, each
state is occupied at angles where it has the lowest energy
of the four, and the occupancy probabilities of adjacent
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FIGURE 4 (a) Energies of the occupied states relative to the empty
channel as functions of rotation angle for one cycle of the motor. The
energies are given by Eq. 1 with 4 = 8 kT, « = 0.25, US = 8 kT, and
U, = LIS KT (pK = 6.5). (b) Occupancy probabilities of the channel
states, calculated by method 1 with a membrane voltage V,_, = 200 mV.
Because of the low p K and high site-site repulsion ( US), the channel is
often empty (OO) and hardly ever doubly occupied. Each state has a
high probability of occupancy when it has the lowest energy of the four.
The influx of ions due to the membrane voltage causes state 2 (HO) to
be occupied preferentially at angles where its energy gradient is nega-
tive, generating a net positive torque. (¢) The torque generated by each
of the occupied states. Torque is the product of the energy gradient
(—dU/dx) and the occupancy probability of the state.

states are equal at angles where the states have equal
energy. With a pmf of 200 mV as in Fig. 4 b, however,
the site occupancies are shifted toward lower angles. The
state HO has an increased probability in its region of
negative slope between x = = and x = 2« due to protons
being driven into the external site by the pmf and a de-
creased probability between x = 0 and x = = where pro-
tons can cross over to the internal site (state OH). Thus,
the inward flux due to the pmf causes protons to occupy
preferentially sites in the channel where they exert posi-
tive torque on the charges on the rotor. This torque
causes the rotor to rotate such that the negative charges
on the rotor remain close to protonated sites in the stator
channel.

3.3. CW and CCW modes of rotation

Fig. 5 shows torque and state occupancies as functions of
pK. Torques in Fig. 5 a are shown for amplitudes of 6, 8,
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FIGURE 5 (a) Motor torque as a function of site pK for amplitudes
A = 6, 8, and 10 kT. (b) Percentage occupancy probabilities for the
four channel states at amplitude 4 = 8 kT. Depending on channel
occupancy, the motor can generate either positive (mode 1 ) or negative
(mode 2) torque for a given direction of proton flux. Parameters: o =
0.25;pH 7; US = 8 kT; V, = 200 mV.

and 10 kT and occupancies in Fig. 5 b for 4 = 8 kT.
Repulsion (US), pitch (), pH, and transmembrane
voltage are as in Fig. 4. Motor torque displays a positive
peak at low pK and a negative trough of the same magni-
tude at high pK, with a zero torque point in between.
The maximum positive torque for 4 = 8 kT occurs at
pK = 6.5, the value used in Fig. 4, and the maximum
negative torque is at pK = 11. The direction of rotation
of the motor may be switched simply by changing the pK
of the sites between these two values, whereas an inter-
mediate pK gives a nonrotating or “pause” state. Low
values of pK that generate positive torques and couple
the influx of protons to CCW rotation shall be referred to
as mode 1; high pK, negative torques, and CW rotation
shall be referred to as mode 2.

In mode 2, at pK = 11, the probability of double occu-
pancy (HH) is 30.7%, whereas the probability of the
empty state (OO) is only 0.21%. In this case it is more
useful to consider the “ground state™ of the channel to be
the doubly occupied HH state. The flux of protons into
the cell is then realized by the flux of proton defects or
“holes™ out of the cell. Whereas before, in mode 1, pro-

tons followed the lines of negative charge on the rotor,
now holes with a relative charge of —1 follow the posi-
tively charged lines. Since influx of protons is equivalent
to efflux of holes and the pitch of the charged lines is the
same, the rotor rotates in the opposite direction. Fig. 6 a
shows the energies of the states OO, HO, and OH relative
to the doubly occupied, doubly charged HH, Fig. 6 b
shows the occupancy probabilities of the four states with
pH 7 and a transmembrane voltage of 200 mV, and Fig.
6 ¢ shows the torque generated by each state relative to
the torque that would be generated at the same angle if
the protons were in state HH. Fig. 6 bears a close resem-
blance to Fig. 4. The motor now rotates in the direction
of decreasing x (as all torques are of the opposite sign)
and the empty state is HH (no holes) rather than OO (no
protons); otherwise the figures are very similar. This il-
lustrates that holes and protons generate torque by the
same mechanism but in opposite directions. The zero-
torque point between modes 1 and 2 occurs when the
probabilities of OO and HH are equal, and neither holes
nor protons can be said to be the predominant charge
carriers. This happens where U, = —US/2 (atpK = 8.75
for US = 8 kT), and the repulsion energy is exactly com-
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FIGURE 6 Energies, occupancy probabilities, and torques for each of
the channel states as functions of rotation angle. Energies are given
relative to the doubly occupied (HH ) state and are thus the energies of
proton defects or holes. Torques are proportional to the gradients of
these energies and are thus hole torques. The membrane voltage is
again 200 mV, and all parameters are the same as in Fig. 3 except that
now pK = 11 (which gives U, = —9.2 kT).
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pensated by the intrinsic “pK” energy of protonating
two sites.

The model assumes that protonated sites are posi-
tively charged, whereas deprotonated sites, or holes, are
neutral. This is not important. The model would work
equally well if the protonated sites were neutral and
holes were negatively charged. In either case, the current
carriers in the channel will attract lines of charge on the
rotor, and the tilt of these lines will generate motor
torque. When the current carriers are protons flowing
into the cell, they will attract negatively charged lines
and generate positive torque. When they are holes flow-
ing out of the cell, they will attract positively charged
lines and generate negative torque.

This section demonstrates that the model motor can
be made to rotate in either direction for a given pmf.
Switching between the modes is achieved by shifting the
level of proton occupancy of the sites. We have shown
this by varying site p K values, although changes in pH of
the internal and external media would have the same
effect. Changes of pX may be brought about simply by
binding a charged ligand close to the H*-channel sites
(27). For instance, the negatively charged phosphate
group on the phosphorylated CheY switching protein
would attract positively charged protons into the chan-
nel if it bound nearby, increasing the p K of the channel
sites. This provides a simple mechanism for the switch-
ing of the motor by phosphorylated CheY.

3.4. Dependence on pmf and
rotation rate

Fig. 7 shows the dependence of torque on pmf for both
modes of rotation (method 1). The amplitude (4) and
repulsion (US) are both 8 kT, and the pitch () is 0.25.
Mode 1, with positive or CCW torque, is at pK = 6.5,
and mode 2 is at pK = 11. The inward directed pmf is
present as a transmembrane voltage (V,,), high internal
pH (ApH,), or low external pH (ApH,).

With the pmf as a voltage, V,,, torque is proportional
to pmf for both modes. In addition, each mode generates
torque of approximately the same magnitude, in accor-
dance with experimental findings (28). The chemical
potential ApH, is equivalent to V,,, also as found experi-
mentally (14), except for saturation at high values. With
the pmf in the form of high hydrogen ion activity in the
external medium (ApH, ), the mode 1 torque peaks and
eventually falls below zero. This is because rising H*
activity at low pH causes increased channel occupancy
and results in mode 2 behavior. The torque becomes
negative when the external pH is reduced below 4, corre-
sponding to a pmf of 175 mV (internal pH = 7). This
has the same effect on channel occupancy by protons
from the external solution as increasing the pX by 3
units and keeping external pH 7. Such an increase would
be enough to take the pK from 6.5 to 9.5 and into the
mode 2 region of negative torque (see Fig. 5).
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FIGURE 7 The dependence of torque on pmf. (¢) Mode 1, pK = 6.5.
(b)Mode 2, pK = 11. The pmf is present as a transmembrane voltage
(Vm; pH; = pH,, = 7), high internal pH (ApHa; pH, = 7, pH; > 7) or
low external pH ( ApHb; pH; = 7, pH, < 7) and is directed inward in all
three cases. Parameters: 4 = 8 kT; pK = 6.5 (mode 1), 11 (mode 2);
a =0.25; US = 8 kT.

Fig. 8 shows flux and torque as functions of rotation
rate with pmf of 0, 75, and 150 mV. These results are
calculated using method 2 and with a purely electrical
pmf. Solid lines are for mode 1 at pK = 6.5 and broken
lines for mode 2 at pK = 11. Fig. 8 a shows that motor
torque falls in approximately linear fashion with increas-
ing w, in keeping with experimental observations. Stall
torque at 150 mV is +0.78 kT in mode 1 and —0.78 kT
in mode 2. This compares with ~700 kT per motor as
found in experiments with metabolizing Streptococcus
cells (15) (where the pmfis ~150 mV [29]) and gives a
value of n.n, = 897 for the product of the number of
channels and the periodicity of the charged lines on the
rotor. If n, = 8 (7), then this gives n, = 112, whereas a
value of 16 for n, (30) would require n, = 56. Fifty-six
pairs of charge lines around a rotor of diameter 300 A
would correspond to a separation of 17 A between each
pair. The rotation rate for zero torque at 150 mV is w, =
0.12. If this is to compare with the value ~100 Hz found
by Lowe et al. (15), then the unit transition rate in the
model must be of order 10* s~!, which is of the same
order of magnitude as measured protonation and depro-
tonation rates in ion channels (31).
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FIGURE 8 Motor torque and proton flux as functions of rotation rate
for pmf of 0, 75, and 150 mV. Solid lines show results for mode 1 and
broken lines for mode 2. (a) Motor torque increases in proportion to
membrane voltage and decreases roughly in proportion to rotation
rate. The motor torque in the absence of pmf is the same for both
modes. () Ion fluxes show an approximately linear increase with rota-
tion rate. This indicates a component of flux tightly coupled to rotation
such that a fixed number of ions cross the membrane in one revolution
of the motor. When the pmf is non-zero, there is also a rotation-inde-
pendent or leakage flux, seen as a vertical offset in the curves. Influx of
protons is coupled to positive torque and rotation in mode 1 and to
negative torque and rotation in mode 2. Parameters: 4 = 8 kT; pK =
6.5(mode 1), 11 (mode2);pH 7, =0.25; US=8kT; V, =0,75, 150
mV.

The approximately linear dependence of flux on w in
Fig. 8 b indicates a component of flux tightly coupled to
motor rotation. The slope corresponds to 0.87 ions per
cycle per channel (for zero pmf where ion flux is entirely
rotation dependent), indicating that the coupling is not
quite perfect and that a cycle of the rotor may pass with-
out the transit of a proton. With n.n, = 897, this rotation-
dependent flux is equal to 780 ions per revolution per
motor. Positive flux (protons into the cell) is coupled to
CCW rotation (w > 0) in mode 1 and to CW rotation
(w < 0) in mode 2.

The flux curves also have a vertical offset associated
with rotation-independent or “leakage” current. This is
a feature of the loose-coupled nature of the model and
causes motor efficiency (equal to the output power = the
energy dissipated by proton flux) to tend toward zero at

low rotation rates. Output power is the product of torque
and w and tends to zero as w — 0, whereas the energy
dissipated by the motor at low rotation rates is non-zero
due to the leak current. The efficiency also falls at high w
as the torque and thus output power tends to zero. Peak
efficiency is 27% at 75 mV and 23% at 150 mV. These
efficiencies are calculated with the total proton flux, both
rotation dependent and rotation independent, and can-
not ever exceed 100%. Apparent efficiencies, calculated
from rotation-dependent flux only, also fall as w = w,
but tend to values of 100% and more at low frequency. It
is these apparent efficiencies that have been calculated in
experiments ( 16) that disregard any leakage currents.

3.5. Effects of modeling channels as
chains of discrete sites

We have modeled the proton channels in the motor as
simple chains of two proton-accepting sites. This was
done for the sake of simplicity and clarity, especially in
the illustration of the possibility of mode 2 rotation.
There are, however, some disadvantages to this assump-
tion, which are discussed here along with their conse-
quences for future developments of this model.

With only two sites to represent the channel, the associ-
ation between each channel and a line of negative
charges on the rotor are compromised. The progress
from state HO to OH is really a continuous motion of
the proton through the channel accompanied by a con-
tinuous increase of the rotation angle, taking the motor
along one of the valleys of low energy in Fig. 2. With only
two sites to represent the channel, however, this is re-
placed by a single large hop at a fixed angle. If the pitch of
the charged lines () is >0.5, such a hop from HO to OH
takes the proton nearer to the adjacent line of negative
rotor charges than to the line on which it started. The
resulting torque will pull this second line toward the
channel, so that inward flux becomes coupled to nega-
tive rotation. In this case the valleys of low energy are not
clearly defined by the two discrete values of channel po-
sition ( z) chosen for the two sites. Because of this prob-
lem, a two-site representation of the model cannot have
a pitch >0.5. This in turn means that there must be a
large part of the motor cycle where there is no state capa-
ble of generating positive torque and where the channel
will be empty (between x = 0.5 and x = 1.5in Fig. 4). A
single force-generating unit will therefore be unable to
power the motor past this “dead zone,” and the motor
will be unable to run smoothly as assumed in the simula-
tion. This is an artificial problem created by the reduc-
tion of the stator channels to chains of only two sites.

One solution would be to introduce a compensatory
tight-coupling condition such that the transition be-
tween states HO and OH must be accompanied by a
corresponding rotation of the rotor. This would make
the model identical to that of Lauger (23) and lose the
important feature of torque generation directly by elec-
trostatic forces.
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FIGURE 9 (a) The kinetic diagram for a four-site, single-occupancy
channel. As in Fig. 3 ¢, H} and H; represent uptake of protons from
the external and internal solutions, respectively. (b) Energies of the
occupied states relative to the empty channel, as functions of rotation
angle for one cycle of the motor. The energies are given by Eq. 9 with
A=5kT,a=0.75,and U, = 0 (pK = 7). (¢) Occupancy probabilities
of the channel states, calculated by method 1 with a membrane voltage
Ve = 150 mV. As in Fig. 4, each state has a high probability of occu-
pancy when it has the lowest energy of the five, and influx of ions due to
the membrane voltage causes each state to be occupied preferentially at
angles where its energy gradient is negative, generating a net positive
torque. The mechanism is the same as that of Fig. 4 except that there
are positive-torque—generating states at all angles, and the channel is
hardly ever empty. (d) The average torque generated by each of the
occupied states.

The simplest solution in the case of single-occupancy
channels is to represent each channel by more than two
states. The pitch is no longer restricted to values below
0.5, and inward movement of protons in a single channel
can generate positive torque at any angle. Fig. 9 a shows
the kinetic diagram for a four-site, single-occupancy
channel. The energies in Fig. 9 b are those of the occu-

pied states (1-4) relative to the empty channel and are
given by

U =—-Acos(x)+ U,
Uy=—Acos(x—af3)+ U,

Uy =—-A4cos(x—2a/3)+ U,
Uy,=—Acos(x—a)+ U, 9

where 4 = 5kT, a = 3/4,and U, = 0 (pK = 7).

Fig. 9 ¢ shows occupancy probabilities of the five
channel states, calculated by method 1 with a membrane
voltage V,, = 150 mV. Asin Fig. 4 b, each state has a high
probability of occupancy when it has the lowest energy
of the five. Influx of ions due to the pmf causes each state
to be occupied preferentially at angles slightly below its
energy minimum where its energy gradient is negative,
and thus the torque is positive. The mechanism is the
same as mode 1 of the two-site version (Fig. 4) except
that now there are positive-torque-generating states at
all angles, and the channel is hardly ever empty. The
dependence of motor torque and flux on pmf and rota-
tion rate is qualitatively identical to that of the two-site
version in mode 1. The four-site version is more efficient
(43% at 150 mV as opposed to 23%) and has tighter
coupling between flux and rotation. The leakage flux
through a stalled motor is reduced ~ 10-fold, and the
rotation-dependent flux at zero pmf is increased from
0.87 to 0.97 10ns per cycle. These results indicate a high
degree of coupling despite the essentially loose-coupled
nature of the model. Fig. 9 4 shows torques generated by
each state.

Fig. 10 a shows the same torques as Fig. 9 d along with
the total torque generated by all four occupied states to-
gether. At first glance one might say that the motor
would be unable to get past angles x = 0, 0.5«, =, and
1.5#, where the total torque appears to be negative. This
is not the case. The torques shown in the figures are
calculated as the products of the probabilities (P;) and
the energy gradients (dU,/df) of the individual states.
They are not instantaneous values but ensemble aver-
ages over all possible states of the channel at each given
angle. The actual motor torque at a given instant will be
determined by the instantaneous position of the proton
and may be positive at angles just above x = 0 (for in-
stance) if the channel is in state 2 (for these angles). This
state is not as likely as state 1, but nonetheless has a
non-zero probability due to thermal excitation. The
probability of state 2 is enhanced by the membrane volt-
age driving protons into the cell, which is why the motor
generates a net positive torque. Fig. 10, b and ¢ shows
that increasing the number of sites used to model the
channels gives increasingly smooth torque generation
(on average) so that the assumption of a constant rota-
tion rate is a reasonable one for continuous channels.

The above results were all calculated with the assump-
tion that the channels may be occupied only by one pro-
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FIGURE 10 (a) The average torque generated by each of the occupied
states (dotted lines) and the total average torque (solid lines) as func-
tions of rotation angle for the four-site channel as in Fig. 9 4. Although
there are angles where the total average torque is negative (near x = 0,
0.57, =, and 1.57), the motor can still generate positive instantaneous
torque at these angles by the inward motion of a proton from the site
with the highest occupancy probability at that angle. (b) Average
torques as in a for a six-site channel and a membrane voltage V,, = 150
mV. Energy functions for the six occupied channel states are given by
equations similar to Eq. 9, with 4 = 5 kT and « = 5/6. The average
total torque is positive at all angles in this case. (¢) Average torques as
in g and b for an eight-site channel. The pitcha =7/8and 4 = 5kT as
before. As the number of sites used to model the channel increases
toward the limit of a continuous channel, the average torque as a func-
tion of rotation angle becomes nearly constant. Such a motor would be
expected to run smoothly. The total torque averaged over one whole
cycle is similar in all three cases.

ton at a time. There are various possibilities for the physi-
cal form of channels with multiple-proton occupancy
that could exhibit the occupancy-dependent switching
mechanism presented in this work. It is unlikely that a
channel in mode 2 will consist of a chain of many posi-
tively charged protonated basic sites and a single neutral
hole. Aside from the high energy required to bring many
positive charges into close proximity in the low dielectric
constant of the membrane, there is the problem that the
instantaneous motor torque will be dominated by the
forces on these charges and that the effects of one site
being neutral (the hole torque) will be insignificant. A
more likely arrangement would be one where in mode 1
protons are conducted along chains of basic sites ( posi-
tive charges moving into the cell), whereas in mode 2

holes or negative charges move out of the cell along
chains of normally protonated acidic sites. Such a
scheme would reverse the dependence of motor direc-
tion on site occupancy or pK, with high occupancy
corresponding to protons on basic sites (mode 1) and
low occupancy corresponding to holes on acidic sites
(mode 2). The acidic and basic sites need not be sepa-
rate. A channel consisting of a single chain of alternating
acidic and basic sites could pass either positively charged
protons or negatively charged holes, depending only on
the level of proton occupancy.

4. DISCUSSION

4.1. Predictions of the model

Predictions of the model are listed below and compared,
where possible, to experimental findings.

(a) Torque is proportional to pmf, and electrical and
chemical (pH) gradients are equally effective at moder-
ate values of pmf. This is in agreement with experiments
on tethered cells (14).

(b) The dependence of torque on rotation rate is ap-
proximately linear, as found in experiments on swim-
ming Streptococcus cells (15).

(¢) The flux of protons coupled to rotation of the mo-
tor is constant at ~800 per revolution. This compares
well with the very approximate values around 1,000
found by Meister et al. (16). The model also predicts a
rotation-independent or leakage flux, a direct conse-
quence of its loose-coupled nature. The maximum effi-
ciency of the motor is ~25%, but apparent efficiencies
calculated disregarding the leakage flux may be 100% or
more at low rotation rates. At high  the efficiency falls
as the torque falls to zero at w,. These results are in agree-
ment with the experimental findings of Meister et
al. (16).

(d) The motor runs smoothly. Even with only one
channel there will be n, = 50-100 torque generating cy-
cles per revolution, and the independent action of sev-
eral force-generating units will further smooth rotation.
Experimental findings (17) indicate that the motor does
indeed run smoothly.

(¢) The model predicts the two counter-rotating
modes and the intermediate “pausing” state found in the
motors of various bacteria (9). The rotating modes gen-
erate torque of approximately equal magnitude as found
experimentally (28).

The trigger for switching from CCW to CW rotation is
thought to be the phosphorylated form of the CheY pro-
tein (10, 12). The phosphate group on this molecule is
likely to carry one or more negative charges at physiologi-
cal pH (pKX values for inorganic phosphate are 2.15 and
7.20 for the first and second ionizations, respectively).
This negative charge could increase the occupancy proba-
bilities of proton channels in the stator if CheY were
bound nearby, thus causing the motor to switch. It is
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perhaps more likely that the binding of phospho-CheY
would affect site pK indirectly via conformational or
electrical changes in and around the channel proteins.
Cooperative effects here could then explain the rapid
switching of rotational sense without detectable changes
in speed, which indicates coupling between the switching
of the separate force generators.

The model also predicts that the transition between
modes | and 2 could be achieved if the channel occu-
pancy were altered by varying pH. Reversal of the direc-
tion of rotation in nonswitching cells by changes in pH
would support a switching mechanism of the type pre-
sented here, although care would need to be taken in
interpreting such results due to the possible complica-
tion of pH tactic responses. The model is equally applica-
ble to the Na*-driven motors of alkalophilic bacteria:
only the ion selectivity of the stator channels need to be
changed. The proposed dependence of rotational direc-
tion on ion occupancy could perhaps better be tested by
varying the concentration of Na* in experiments on
tethered cells of nonswitching mutant strains of alkalo-
philic bacteria.

It also should be pointed out that this model can also
accommodate more traditional switching mechanisms
where a conformational transition alters the geometry of
the motor. For example, a conformational change in the
rotor that reversed the tilt of the charged lines would also
reverse the direction of motor rotation.

(/) In this model, the flagellar motor generates force
by long-range electrostatic interactions. We might there-
fore expect the sequence of the FIiF protein of the M-ring
(1) to be rich in charged residues, as is indeed the case
(32). There is some evidence to suggest that the M-ring
may serve simply as a mounting for the torque-generat-
ing switch complex (33). The amino acid sequence of
the FliG switch complex protein is remarkable for clus-
tering of its charged residues, with adjacent positive and
negative residues particularly common (34). This
makes it an ideal candidate for providing the alternating
lines of positive and negative charges on the rotor that
are central to the model presented here.

4.2. Comparison with previous models

Many diverse models have been proposed for the mecha-
nism of the bacterial flagellar motor. Fuhr and Hagen-
dorn (35) propose a model based on the phenomenon of
electrorotation where torque is generated by oscillating
electric fields tangential to the membrane, whereas Wag-
enknecht (36) suggests twisting conformations of the
rod linked to proton binding. These models are atypical
in that motor torque is not explicitly connected to pro-
ton flux through particles at the perimeter of the rotor.
Electrostatic models (37-40) are those where force
generation is explicitly by coulomb interaction between
hydrogen ions traversing the membrane and charges in
the motor. A recurring theme (38-40) is a working cycle
as follows. Protons are fed onto sites on the rotor from

the external medium by a set of channels formed by one
of the motor components. Electrostatic forces then pull
them (and thus the rotor) around to a second type of
channel that releases them into the cell cytoplasm. None
of these electrostatic models predicts the full range of
motor properties discussed here.

In the loose-coupled model of Oosawa and Hayashi
(26, 41), flux and rotation are linked indirectly via ther-
mally excited states of a proton-binding stator element.
The model is essentially stochastic in nature as the ener-
gies involved in torque-generating steps are of the same
order of magnitude as the thermal energy, kT. There is
no one-to-one correspondence between proton flux and
motor rotation: both rotation without flux (slippage)
and flux without rotation (leakage) may occur depend-
ing on the conditions under which the motor is operat-
ing. The electrostatic models of Murata et al. (37) and
Kobayasi (38) are also loose coupled.

In tight-coupled models, on the other hand, there is an
arbitrary and obligatory correspondence between proton
translocation and rotation. Mechanisms with such tight
coupling (23, 42) are easy to imagine as macroscopic
systems but may be less realistic on the microscopic scale
of the bacterial flagellar motor. The distinction between
loose- and tight-coupled models is not so much about
the actual torque-generating mechanism as the nature of
the assumptions made in order to perform mathematical
simulations and obtain quantitative results. Tight-cou-
pling constraints are simplifications introduced to assist
mathematical treatment, and tight-coupled models have
to include an elastic link between the proton-conducting
stator elements and the cell wall to allow for the smooth
running of flagellar motors. Without this feature, rota-
tion of the rotor would require simultaneous proton
transitions in all of the force-generating units, a process
with an intrinsically low probability. The model of
Kleutsch and Lauger (43) permits rotation and flux to
occur independently of each other, thus mimicking a
loose-coupled mechanism. Slippage is allowed where the
rotor rotates but the proton channels are not occupied,
whereas leakage is a consequence of futile force-generat-
ing cycles extending the elastic linkage but not suffi-
ciently to move the rotor.

The current model incorporates elements of all three
categories above. Structurally, it resembles the model of
Lauger (23), where protons are conducted at the inter-
section of “half-channels™ on the rotor and stator and
torque generation is a consequence of the relative slant
of these half-channels. On the other hand, the model is
loose coupled, and the method of calculating torques is
similar to that of Oosawa and Hayashi. (The rotation
rate is assumed, and corresponding values of torque and
flux follow from the occupancy probabilities of the chan-
nel states. In tight-coupled models the starting point is
the motor torque, which affects the rate constants of pro-
ton transitions. These give the flux directly, and the rota-
tion rate follows from the assumptions of tight coupling
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and elastic linkage to the cell wall.) Furthermore, torque
generation is explicitly electrostatic, and the energy func-
tions for the channel states may be calculated from a
specific arrangement of charges corresponding to actual
motor elements.

The predicted results of the model are very similar to
those of both Kleutsch and Lauger and Oosawa and
Hayashi. The existence of two counter-rotating modes,
however, is a new feature. Previous models assume
switching to occur as the result of major conformational
changes that alter the arrangement of the motor compo-
nents. The present model can generate CW, CCW, or no
torque, depending only on the level of occupancy of the
channel sites. This lends itself to a simple, electrostatic
mechanism for switching of the motor by the phosphor-
ylated CheY protein.
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